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Abstract

The well-known backpropagation (BP) derivative computation process for multilayer percep-
trons (MLP) learning can be viewed as a simplified version of the Kelley-Bryson gradient formula in
the classical discrete-time optimal control theory [1]. We detail the derivation in the spirit of dynamic
programming, showing how they can serve to implement more elaborate learning whereby teacher
signals can be presented to any nodes at any hidden layers, as well as at the terminal output layer.

We illustrate such an elaborate training scheme using a small-scale industrial problem as a concrete
example, in which some hidden nodes are taught to produce specified target values. In this context, part
of the hidden layer is no longer “hidden.”

1 Introduction

Backpropagation has been a core procedure for computing derivatives in MLP learning, since Rumelhart et al.
formulated it specially geared to MLPs in 1980s [2]. Similar formulations were derived by other individuals;
often, Werbos’s Ph.D thesis [3] is cited alone, but it is well-known that the theoretical framework of BP can
be explained clearly in light of the classical optimal control theory [4, 1, 5].

The partial-derivative form of sensitivity is computed backward one stage after another from the termi-
nal stage. In MLP terminology, this is the so-called generalized delta rule, which is equivalent to, what
we call, the Kelley-Bryson formula, notably due to Kelley’s adjoint equations [6] and Bryson’s multiplier
rule [7]. Also, in 1962, Dreyfus derived a dynamic-programming-like recursive gradient formulation [8, 9],
which is almost identical to the generalized delta rule, for solving the multi-stage Mayer-type optimal control
problem (see Eq. (5.4) in ref. [8]).

In conformity with the optimal control theory, we consider the following objective cost function:
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where a® and 6° signify the state vector and decision vector at stage s, and ¢°(.,.) and h(.) denote the
immediate cost per stage s and the terminal cost, respectively. In the MLP-learning, ¢*(.,.) usually drops
off, and the h(.) is often expressed as the sum of squared errors, resulting in the neural networks nonlinear
least-squares problem [10, 11]. In this paper, we consider a case where both g and h have the squared-
error cost measure between desired outputs and the MLP’s outputs with a given set of m training data pairs;

in this setup, g®(a®, 8%) becomes independent of 6° [see Equation (3)].

The terminal cost function h(.) at the final layer N, which consists of ny neurons, can be expressed in
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where t]k\f p 1s the kth desired output for the pth training data pattern at the terminal layer NV; akN7 p 1s the kth
activation (i.e., output of the kth neuron function f) for the pth data; t) is the desired output vector; al’

is the activation vector; and ry (@) denotes the residual vector composed of 7;(8), i =1, ..., mny.



The immediate cost g at stage s is defined in a similar fashion:
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In words, g®(a®,0°) is the immediate cost at stage s, or at the sth (hidden) layer, between the (hidden)
activations a® and the desired values t°. The ns neurons at the sth hidden layer are supervised and expected
to produce specific target values t*. We call this hidden-node teaching. Notice that the hidden nodes
at layer s to be supervised can be a subset of all ny nodes at layer s; we shall demonstrate such a “partial
hidden-node teaching” later in Section 3.

In the rest of this paper, the subscript p will be omitted for simplicity, and the activation (e.g., at node j
at layer s) is expressed in several forms, as shown next:
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where net; denotes the net input to the jth neuron at the sth (hidden) layer (see Figure 1). In the
next section, we show how the decision-making scheme for optimal control plays an important role in MLP
learning. We then advance to its practical application.

2 Backpropagation

We first summerize the terminologies in the next table:

[ Notation || Optimal Control [ Neural Network ||
0 decision variables weight parameters
a state variables (neuron) activation
s stage layer
adjoint variables
1 Lagrange multipliers delta
costates

It should be noted that the best-known BP formulation due to Rumelhart et al. was made by choosing the
net input but not the activation as the state variable; hence, it looks slightly different.

Using the aforementioned notations, we describe the derivation of BP for the objective cost function in
Equation (1) in the spirit of dynamic programming; we define “value function,” “recurrence relation,” and
“boundary condition” subsequently:

Value function:

T5(a%, 0% def cost-to-go, starting at state a® at stage s, using a guessed policy 6°. (4)

The initial guessed policy is often given by a randomly-initialized weight-parameter set.

Recurrence relation:
T5(a%,0°%) = Tt(a*t1,0°"!) + g°(a®,60°) 5)
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where g¢(.,.) denotes the immediate cost, as shown in Equation (3).

Boundary condition:
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which corresponds to Equation (2).
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(a) Activation (forward) (b) Sensitivity (backward)

Figure 1: Forward and backward propagations in the MLP. In our notation, Hjs.k denotes the weight of neuron j
at layer s to neuron k at layer (s+1).

In this setting, the sensitivity 0 at the terminal stage is given by
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Departing from this terminal value at layer N, the sensitivity ¢ is backpropagated and computed backward
one after another by the the following recurrence relation, our version of the delta-rule:
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Of course, the last term (for hidden-node teaching) would be omitted for any node not being supervised.
The parameter-updating formula can be written with a learning rate 7 as:
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Figure 2: An MLP architecture with partial hidden-node teaching. The three neurons, marked by the dotted
rectangle, at the hidden layer are instructed to produce specified target values.
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3 Experiments

We used the color device characterization problem [12] to demonstrate the “partial hidden-node teach-
ing” by the 3 x 7 x 3 MLP, as illustrated in Figure 2. The basic MLP’s task is to learn the mapping from
YUV camera signals to XYZ color signals using Equation (2). Furthermore, the three designated hidden
nodes (inside the dotted rectangle in Figure 2) are supervised in conjunction with Equation (3) by presenting
the scaled L*, a*, and b* color signals [13], which are associated with the desired outputs X, Y, and Z.

The training data set consists of 25 color samples (24 color samples from Machbeth ColorChecker plus
the “perfect black” color sample). To check generalization capacity, we also prepared 51 checking data (the
“perfect black” and 50 other color samples outside the training data set). All 75 data were collected under
the standard illuminant D65. The XYZ values were scaled in the sense that those values were just divided
by 110 for MLP training; all RMSE (root mean squared errors) were computed after this pre-processing.
The MLP models were trained by the steepest descent-type pattern-by-pattern learning method.

Figure 3 presents sample learning curves of RMSE and color difference, and Figure 4 shows color differ-
ences for each color sample obtained by the MLP with hidden-node teaching at the epoch of 10,000.

4 Discussion

The hidden-node teaching might work as constraint, slowing down the entire MLP-learning process, but
Figures 3(a) and (b) indicate that it is not always the case; in fact, MLP with hidden-node teaching learned
the mapping from YUV to XY7Z slightly faster at the early stage of learning.

The dotted curves in Figures 3(c) and (e) describes how the immediate cost in Equation (3); namely,
the color difference obtained from the three designated hidden nodes, decreased thanks to the hidden-node
teaching during the learning phase. In contrast, the extraordinarily large color difference (in dotted curves)
in Figures 3(d) and (f) shows that the three designated hidden-node activations became totally irrelevant to
L*, a* and b*, when those target values had not been presented to them. In this way, we have verified that
the hidden-node teaching was accomplished successfully.

Intriguing enough, the partial hidden-node teaching contributed greatly to decreasing the color difference
associated with the final outputs XYZ; for instance, compare the solid curves in Figures 3(c) and (d). At the
epoch of 3,000, the training color difference (associated with the final outputs XYZ) obtained by the MLP
with hidden-node teaching was 7.7008, which is much smaller than 24.5868, the color difference obtained by
the MLP without hidden-node teaching. (Similar observation can be found in the checking result.) Without
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Figure 3: Comparison in learning behaviors between the MLP with hidden-node teaching and the ML P without

hidden-node teaching.
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Figure 4: The resultant color difference per color sample obtained by the MLP with hidden-node teaching at
10,000 epoch. The solid bars show the color difference associated with XYZ, whereas the broken bars signify

the color difference obtained from the three designated hidden-node activations.



hidden-node teaching, the color difference associated with the final outputs XYZ was still larger than 10.0
even at the epoch of 10,000, as shown in solid curves in Figures 3(d) and (f), although their RMSEs in XYZ
[the dotted curves in Figures 3(a) and (b)] were smaller than the XYZ-RMSEs obtained by the MLPs with
hidden-node teaching [the solid curves in Figures 3(a) and (b)].

Figure 4 displays the color difference for each color sample, resulting from hidden-node teaching; the solid
bars denote the color difference associated with the final outputs XYZ, while the broken bars signify the
color difference obtained from the three designated hidden nodes. They are not completely the same, but
somehow reflect the distinctions in color difference. In other words, those hidden nodes can approximate color
difference associated with the final outputs XYZ. This finding suggests that such a hidden-node teaching
can be modified for application to another industrial problem color recipe prediction [14], in which there is
no explicit formula for computing color difference associated with a given recipe output vector.

5 Conclusion

We have confirmed that teacher signals can be presented to any selected nodes at any hidden layers in MLPs,
and in some applications such a partial hidden-node teaching might produce meaningful and intriguing
results. Indeed, it is observed in our experiments that presenting some relevant teacher signals to a subset
of the hidden nodes made a positive impact on decreasing color difference.

In the future, it would be of our great interest to perform more elaborate learning based on the Kelley-
Bryson formula in conjunction with more sophisticated nonlinear least squares techniques, such as described
in ref. [11].
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