[EOR250 HW5 Suggested Solution

Problem 1

Let y = (1 — A\)y1 + Ays. Since g is Ki-convex and go is Ka-convex,

g1(y) < (1= Ng1(y1) + Ag1(y2) + MKy
92(y) < (1 = N)ga(y1) + Aga(y2) + K>

ag1(y) + Bg2(y) < a{(1 = Ngi(y1) + Agi(y2) + AK1} + B{(1 = N)g2(y1) + Ag2(y2) + A2}
< (1= MN{agi(y1) + Bg2(y1)} + Magi(y2) + Bg2(y2) } + MaK: + BK>)

thus agy (y) + Bga(y) is (aky + FKy)-convex

Problem 2

(a) No additional decision variable is needed.
min Z hidij Yij
s.t. ZyU=1VZEI
J

ZXj:P
J

> wijdij < Dy Vi € I — — — additional constraint
j

yi; < X; Vij

X;e{0,1}vjelJ

yi; €{0,1}Viel,jeJ———ory; >0

(b) Let M be a sufficiently large number (M>> max; ;jd;;). When we enter the
data for d;;s, we can change it to M if d;; > Dy.



(c) Let S; be the state space for demand node i, S;={j : d;; < D¢} Vi, that
is y;; does not exist if d;; > Dy, and the problem becomes

min Z hidijyij
.3

JES:

> X;=P

j

vi; < X;Viel,jes;
XjE{O,l}VjESi

yij €{0,1}Viel,je J———ory;; >0

(d) yi;: 1 location j is a primary facility of demand node i, 0 otherwise.
z;;: 1 location j is a secondary facility of demand node i, 0 otherwise.

min Z hzd” Yij
g

s.t. Zyij =1V i— — — each demand node is served by a by primary facility

J

Z zjj = 1V i— — — each demand node is served by secondary facility
J

ZX j = P — — — build exactly P facilities
J

Zyijdij < Dy Vi— — — primary facility is at mostDdistance away
J

Z zijdij < Dg ¥V 1— — — secondary facility is at mostD,distance away
J

Zyij < FV j— — —can only serve as a primary facility for at most F demand nodes
i

Z zij £ SV j— — —can only serve as a primary facility for at most S demand nodes
i

Yij + zij < X; ¥V i,j — — — can only serve if the facility is built

X;€{0,1} Vj

Yij, zij € {0,1} V i,j — — —or ;5,25 > 0



Problem 3

(a) Let N be a number that is sufficiently large, N > K.

x;: 1 if facility is built at location j, 0 otherwise.
y;ix: 1if a truck from plant k supplies location j, O otherwise.

J
HliIl E fjxj —+
j=1

og I K
szdjkyjk

j=1k=1

s.t. Zaijxj Z 1Vi= ]., ,I

J

Zyjk >z;Vji=1,..J—— —if built, facility j has to be supplied by a truck
k

z; €{0,1}Vj=1,..J
yir €{0,1} V=1, Jk=1,.K

(b) Relax the 3, a;jz; > 1 Vi constraints.

max ,>oming ,

max ,>oming ,

s.t.

> s 5 2 e+ Y1 = Y g =
J J.k i J
Z(fj - Zuiaij)xj + Z(%adjk — u)yjk + Zui

Sy zapVi=1,..,J
k

2, €{0,1}Vji=1,..J
gy €{0,1}Vi=1. Jk=1,.,K

(c) Observe that to solve the subproblem, we would like to set both the x;’s
and y;i’s to be one whenever they are multiplying negative coefficients
and to be zero otherwise. However, if we set a particular z; to be one,
we force at least one of it’s associated y;1’s to be one. This suggests that
we should set each x; to be one only if (f; — >, uja;;) is less than zero,
and (fj — Zi uiaij) + minj,k(%"djk — Uj) < 0.

(d) We’ve relaxed the constraint that requires all customers to be covered, so

some may not be.

Problem 4

Let x1,x9,...,z, be the sequence of cities visited in the optimal tour, and c*
is the length associated with this tour. Let

j=argmini{dy, »,., Uds, 2,,i=1,...,n — 1} and

(=min{dy, v,., Uds, 2,1 =1,...,n — 1}, then ¢* > n/.



Now let us consider a different tour that visits the cities in the following
SeqUeNce: T1,x2, ..., Tj—1,Lj41,%j,Tj42,..., Tn, and let ¢ be the length
associated with this tour. ¢ < c.

The figure above highlights the only difference between the two tours.

c—c" = (dﬂca‘—lvxﬂl + dﬂfa‘+17%‘ + d%ﬂﬁz‘) B (dﬂfj—lvxj + dwjvijrl + dﬂfj+17%'+2)
< (dﬂﬂj—h% T dojwyn T dajayn T d1j+1ﬂﬂj+2) - (dwa‘—lyw]‘ ey + dwj+1x$j+2)
< 2y, =20
c—c* 20 2
< =<
c* c* n



