
IEOR250 HW5 Suggested Solution

Problem 1

Let y = (1− λ)y1 + λy2. Since g1 is K1-convex and g2 is K2-convex,

g1(y) ≤ (1− λ)g1(y1) + λg1(y2) + λK1

g2(y) ≤ (1− λ)g2(y1) + λg2(y2) + λK2

αg1(y) + βg2(y) ≤ α{(1− λ)g1(y1) + λg1(y2) + λK1}+ β{(1− λ)g2(y1) + λg2(y2) + λK2}
≤ (1− λ){αg1(y1) + βg2(y1)}+ λ{αg1(y2) + βg2(y2)}+ λ(αK1 + βK2)

thus αg1(y) + βg2(y) is (αK1 + βK2)-convex

Problem 2

(a) No additional decision variable is needed.

min
∑
i,j

hidijyij

s.t.
∑
j

yij = 1 ∀ i ∈ I

∑
j

Xj = P

∑
j

yijdij ≤ Df ∀ i ∈ I −−− additional constraint

yij ≤ Xj ∀ i,j
Xj ∈ {0, 1} ∀ j ∈ J
yij ∈ {0, 1} ∀ i ∈ I, j ∈ J −−− or yij ≥ 0

(b) Let M be a sufficiently large number (M� maxi,jdij). When we enter the
data for dijs, we can change it to M if dij > Df .
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(c) Let Si be the state space for demand node i, Si={j : dij ≤ Df} ∀ i, that
is yij does not exist if dij > Df , and the problem becomes

min
∑
i,j

hidijyij

s.t.
∑
j∈Si

yij = 1 ∀ i ∈ I

∑
j

Xj = P

yij ≤ Xj ∀ i ∈ I, j ∈ Si
Xj ∈ {0, 1} ∀ j ∈ Si
yij ∈ {0, 1} ∀ i ∈ I, j ∈ J −−− or yij ≥ 0

(d) yij : 1 location j is a primary facility of demand node i, 0 otherwise.
zij : 1 location j is a secondary facility of demand node i, 0 otherwise.

min
∑
i,j

hidijyij

s.t.
∑
j

yij = 1 ∀ i−−− each demand node is served by a by primary facility

∑
j

zij = 1 ∀ i−−− each demand node is served by secondary facility

∑
j

Xj = P −−− build exactly P facilities

∑
j

yijdij ≤ Df ∀ i−−− primary facility is at mostDfdistance away

∑
j

zijdij ≤ Ds ∀ i−−− secondary facility is at mostDsdistance away

∑
i

yij ≤ F ∀ j−−− can only serve as a primary facility for at most F demand nodes∑
i

zij ≤ S ∀ j−−− can only serve as a primary facility for at most S demand nodes

yij + zij ≤ Xj ∀ i,j−−− can only serve if the facility is built
Xj ∈ {0, 1} ∀ j
yij , zij ∈ {0, 1} ∀ i,j−−− or yij , zij ≥ 0
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Problem 3

(a) Let N be a number that is sufficiently large, N � K.

xj : 1 if facility is built at location j, 0 otherwise.
yjk: 1 if a truck from plant k supplies location j, 0 otherwise.

min
J∑
j=1

fjxj +
2α
N

J∑
j=1

K∑
k=1

djkyjk

s.t.
∑
j

aijxj ≥ 1 ∀ i = 1, ..., I

∑
k

yjk ≥ xj ∀ j = 1, ..., J −−− if built, facility j has to be supplied by a truck

xj ∈ {0, 1} ∀ j = 1, ..., J
yjk ∈ {0, 1} ∀ j = 1, ..., J, k = 1, ...,K

(b) Relax the
∑
j aijxj ≥ 1 ∀i constraints.

max u≥0minx,y
∑
j

fjxj +
2α
N

∑
j,k

djkyjk +
∑
i

ui(1−
∑
j

aijxj) =

max u≥0minx,y
∑
j

(fj −
∑
i

uiaij)xj +
∑
j,k

(
2α
N
djk − uj)yjk +

∑
i

ui

s.t.
∑
k

yjk ≥ xj ∀ j = 1, ..., J

xj ∈ {0, 1} ∀ j = 1, ..., J
yjk ∈ {0, 1} ∀ j = 1, ..., J, k = 1, ...,K

(c) Observe that to solve the subproblem, we would like to set both the xj ’s
and yjk’s to be one whenever they are multiplying negative coefficients
and to be zero otherwise. However, if we set a particular xj to be one,
we force at least one of it’s associated yjk’s to be one. This suggests that
we should set each xj to be one only if (fj −

∑
i uiaij) is less than zero,

and (fj −
∑
i uiaij) + minj,k( 2α

N djk − uj) < 0.

(d) We’ve relaxed the constraint that requires all customers to be covered, so
some may not be.

Problem 4

Let x1, x2, . . . , xn be the sequence of cities visited in the optimal tour, and c∗

is the length associated with this tour. Let
j=argmini{dxi,xi+1

⋃
dxn,x1 , i = 1, . . . , n− 1} and

`=min{dxi,xi+1

⋃
dxn,x1 , i = 1, . . . , n− 1}, then c∗ > n`.
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Now let us consider a different tour that visits the cities in the following
sequence: x1, x2, ..., xj−1, xj+1, xj , xj+2, ..., xn, and let c be the length
associated with this tour. c ≤ c′ .

The figure above highlights the only difference between the two tours.

c− c∗ = (dxj−1,xj+1 + dxj+1,xj
+ dxj ,xj+2)− (dxj−1,xj

+ dxj ,xj+1 + dxj+1,xj+2)
≤ (dxj−1,xj

+ dxj ,xj+1 + dxj ,xj+1 + dxj+1,xj+2)− (dxj−1,xj
+ dxj ,xj+1 + dxj+1,xj+2)

≤ 2dxj ,xj+1 = 2l
c− c∗

c∗
≤ 2`

c∗
≤ 2
n
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