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A PROBABILISTIC APPROACH TO IDENTIFYING
POSITIVE VALUE CASH FLOWS
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Abstract

We use a probabilistic argument to find sufficient conditions on a cash flow sequence
g, ai. .. - » dn 10 ensure that its present value is positive for any nonincreasing sequence
of nonnegative interest rates.
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1. Varying interest rates

Consider a cash flow sequence @ = (ag. a1, - - -+ an), where a; is the amount to be received
at the end of period i. (Receiving a; < 0 means making a payment of —a;.) If ri = 0 is the
interest rate for period i, i = 1,..., 7, then the present value of this sequence is

P(@ =Y _aih(,

i=0
where
i
aoy=1, ke =[Ja+rp™ >0
j=1

The necessary and sufficient condition for P(a) to be positive for any sequence of nonnegative
interest rates is easily obtained.

Theorem 1. The value P(a) > 0 for any sequence of nonnegative interest rates if and only if

J
Za; >0, forallj=0,....n—1,
i=0

and

ia; > 0.
i=0
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Proof. Sufficiency is proven by using mathematical induction to show that, for all
j=0.....n,

J
Y aihi) = (a0 +- - +aph().
i=0

As the preceding holds when j = 0, assume that it holds for a given j. Then

j+ j
> aihG) = h()) Y ai +aje1h(+ 1)
i=0 i=0
J+1
>h(j+ 1)) ai,
i=0

where the last inequality used the sufficient condition along with the fact that A(j) > h(j +1).
Since h(n) > 0, sufficiency follows from the induction hypothesis when j = n. To prove
necessity, suppose that 2,1:0 a; < 0. Then letting r; = 0 when i < j, and letting r; be
sufficiently large when i > j produces a negative present value. Also, if Y_{_gai <0, then
the sequence of interest rates r; = 0 produces a nonpositive present value.

It follows from the proof of necessity that the condition of Theorem 1 is also the necessary
and sufficient condition for P(a) to be positive for any nondecreasing sequence of nonnegative
interest rates. We now give a sufficient condition for when the interest rates are nonincreasing.

Theorem 2. If the following conditions hold:

1. Yl oai >0;
2. Z’;=O(k—j + aj > 0forallk =0,...,nm;

then P(a) > O for any nonincreasing sequence of nonnegative interest rates.

Proof. Letb;, c¢i, i =0,...,n—1, be nonnegative numbers such that
a; = ¢; — b, i=0,...,n,

and let B = Y_7_, b;. Also, define N as follows:

k
N = min [k : Zci > B].
i=0
Note that, by condition 1, ¥_;c; > B, and so N is well defined. Now, let
cj if j <N,
N-1
dj={B-) c, ifj=N,
o

0, ifN < j<n.



105

Identifving positive value cash flows

In addition, let X and Y be random variables such that

P{X=j}=£i§j, j=0,....n,
P{Y=j}=l%, j=0,....n,
and note that
E[r(X)] = y y;—;'—) E{r(N] = ) b—'hé(l—)
i=0

i=0
it is easy to check that the function f(i) = h(i) isa nonincreasing,

Now, when O < ripy < 7;
ent condition for

convex function of i, and a well-known suffici

E[f(X)] = E[f(1)] for all nonincreasing, convex f

is (see Equation (3.A.7) of [4]) that for all k
k k
S PIX =i}z ) PY <i). M
i=0 i=0

However,
k

k i,k _
TRxsil= Y F =i+ ve
i=0 j=0

i=0 j=0

and, similarly,

k . k ' b;

> pfy <ij=Y (k-j+D5-
i=0 i=0

ition 2 of Theorem 2 that

For j < N, dj =c,~,andsowhenk < N we have by cond

k k
S te—j+Dd; >3 k- j+ Db
j=0

j=0
ce P{X <i}=1wheni > N, implies that (1) also

Hence, (1) holds when k < N, which, sin
holds for k > N. Therefore,
n n
Y din() = > bih().
i=0 i=0

Since ¢; > di and Y joCi > 3" _odi, the preceding equation yields that

z":cih(i) > zn:d,-h(i) > ibih(i),
i=0 i=0 i=0

which proves the result.
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2. Constant interest rates

When adapted to the case of a constant interest rate r, Theorem 2 gives a sufficient condition
for
n
Zaia’ >0 forall 0 <a < l{a=1/(1 +7)).
i=0

Cash flow streams that have a positive present value for all constant interest rates are of
particular interest in finance theory, since it can be demonstrated that such streams can be
exploited to achieve arbitrage (see [1] and [2). In the following we present an easily computed
sequence of increasingly weaker sufficient conditions for the polynomial of present value of
a given cash flow to be positive for all nonnegative interest rates. While these conditions can
be inferred from more general results concerning bounds on the number of positive roots of
polynomials [3], we present here a substantially simpler proof.

To begin, we introduce the following notation:

Py(a) = z”: aiai
i=0

and sk = (s’é,sf, ,s,’j), where
a;, ifk=0,

sk=1d

[ k-1 : —
z s ifk=12,...,nm
yrd

We need the following lemma.

Lemma 1. We have
P (@) = (1 — @) Pgsi(@) + " +'sp .

Proof. To prove this note that for any b = (bo, b1, - - -, bp),

(1 = a)[bo+(bo + b1)a + (bo + b1 + b:z)ot2 4o+ (bo + -+ b))
= bo(1 — ™) + by(@ = ™) -+ ba(a” —a™h)
= Py(a) — " (bo + -+ + bn),

which completes the proof.

Theorem 3. If for some nonnegative m the following conditions hold:
l. ap > 0;
2. s >0foralli=0,...,n
3. sk>0forallk=0,...,m;

then
Pya)>0 forall 0<a <1.
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Proof. We use backward mathematical induction to show that, forallk =m,....0
Pu(a) >0 forall 0 <a <L

As by conditions 1 and 2 the preceding holds when k = m, assume that it holds for k + 1. But
this implies, by Lemma | and condition 3, that

Py (a) > 0.

Thus, by induction the inequality is true for k = 0, proving the result.

Remarks. (i) The sufficient condition of Theorem 3 obtained when m = 2 is exactly the
sufficient condition provided by Theorem 2.

(ii) Other results on determining the number of positive real roots of a polynomial have appeared
in [5].
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