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AN EXTENSION OF KARMARKAR TYPE ALGORITHM TO
A CLASS OF CONVEX SEPARABLE PROGRAMMING
PROBLEMS WITH GLOBAL LINEAR RATE
OF CONVERGENCE*"

RENATO D. C. MONTEIRO? anp ILAN ADLER?

We describe a primal-dual interior point algorithm for a class of convex separable
programming problems subject to linear constraints. Each iteration updates a penalty
parameter and finds a Newton step associated with the Karush-Kuhn-Tucker system of
equations which characterizes a solution of the logarithmic barrier function problem for that
parameter. It is shown that the duality gap is reduced at each iteration by a factor of
a-8/ Vn), where 8 is positive and depends on some parameters associated with the
objective function.

1. Introduction. In Monteiro and Adler [11], an interior point primal-dual
algorithm to solve convex quadratic programming problems has been presented which
converges in O(/nL) iterations with an average number of O(n*°) arithmetic
operations per iteration. The present work discusses a variation of this algorithm
which solves a class of separable convex programming problems subject to linear
constraints.

Recently, with the advent of the new interior point algorithm by Karmarkar [6] for
solving linear programming problems, some attention has been devoted to study
classes of problems that can be solved by interior point algorithms in polynomial time.

The algorithm discussed in this paper is based on the logarithmic barrier function
method and on the idea of following the path of minimizers for the logarithmic
barrier family of problems, that is, the so called “central path”. This path has been
extensively studied in Bayer and Lagarias [1] and Meggido [9]. The logarithmic barrier
function approach is usually attributed to Frisch [3] and is formally studied in Fiacco
and McCormick [2] in the context of nonlinear optimization. Algorithms for linear
programming problems based on following the central path have been presented in
[12], [13], [5], [7] and [10]. All of these algorithms were shown to converge in
polynomial number of arithmetic operations. Subsequently, Monteiro and Adler [11]
developed an extension of the techniques in their previous paper [10] and presented
an algorithm to solve convex quadratic programming problems which achieves a
complexity of O(Yn L) iterations, in the worst case, with an average computational
effort per iteration of O(n>3) arithmetic operations, similar to the linear program-
ming case presented in [10]. A similar result was obtained by Kojima, Mizuno and
Yoshise [8]. The present work shows that an approach similar to the one used in [10]
and [11] can also be applied to solve some class of separable convex programming
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problems subject to linear constraints. An interesting feature of the algorithm
presented in this paper is that it has global linear rate of convergence, for this
particular class of problems. We show that the algorithm improves the value of the
objective function at every iteration by at least a factor of (1 — 8/ vn Vn), where 8 is
positive and depends on some parameters associated with the objective function.

Our paper is organized as follows. In §2, the problem is introduced and some
theoretical background is discussed. In §3, we present the algorithm. In §4, we prove
results related to the convergence properties of the algorithm. In §5, we discuss how
to initialize the algorithm. In §6, we conclude the paper with some remarks.

2. Problem description and some theoretical background. In this section, we
introduce the class of problems which this paper is concerned with. We also review
some results pertinent to the present work. A detailed discussion of these results can
be found in [2] and [9]. We consider the following separable programming problem.

n
(P) min ) ¢;(x;)
j=1
st. Ax=0b,
x>0,
where x = (x,..., n) is an n-vector, b is an m-vector, A is an m X n matrix. The
functions ¢;, j =1,...,n are assumed to belong to the collection of functions Y

defined as follows.

DermniTioN 2.1, Let I be a nonempty open subset of R which contains the
interval (0,). We say that a function ¢: I — R belongs to the collection Y if ¢
satisfies the following:

(@) ¥ € C3.

(b) If 0 is not in the set [ then lim, _, ,+ Y(x) = .

(c) There exist real numbers M > 0 and p > 0 such that for all reals x > 0 and
y > 0, we have

(21) ()] < mmax (3], (2) o).

Observe that if condition (c) holds with M and p, it holds with any M, > M and
Do = p. From the definition above, it follows that, if ¢ € Y then "(x) > 0 for all real
number x > 0. Also, if ¢"(x) =0 for some real x > 0 then ¢ is of the form
¢(x) = dx + f for some constants d and f. Therefore, excepting this last case, y € Y
is always a strictly convex function over the positive real numbers. In any case, the
objective function of problem (P) is convex over the positive orthant. Thus, problem
(P) enjoys all the properties of a convex programming type problem (see Proposition
2.2 below).

We now give some examples of functions whlch belong to the collection Y.

(1) ¢(x) = dx + f, for any real numbers d and f, and with M = 0 and p = 0.

(2) ¢(x) = —log x, for x > 0, with M =2 and p = 2.

(3) ¥(x) = x“ for some real d, such that d <0 or d > 1, and with M = |d — 2|
and p =1|d - 2|. Note that, when d < 0, this function is only defined for x > 0.

(4) Y(x) = —x% x>0, for some real 0 <d <1, and with M =|d — 2| and

=|d - 2|

(5) Any positive linear combination of functions in the collection Y belongs to Y.

Since each function ¢; in the objective function of problem (P) is in Y, there exists,
for each j = 1,..., n, a pair of constants M; > 0 and p; > 0 such that ¥;, M; and p;
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satisfy relation (2.1). If we let

(2.2) M= max M;, p= max p,
j=1,..., n ji=1,..., n

then each function ¢;, together with M and p, still satisfies relation (2.1). This
observation will be used later in §4.

In order to simplify the notation in what follows, we let W(x) = X7_,¢,(x,). So if I,
denotes the domain of definition of the function ¢;, j = 1,..., n, the domain of the
function V¥ is just the Cartesian product I'17_,/;. The gradient of the function V¥ at
the point x = (x,,..., x,)7 is given by the vector V¥(x) = (4}(x,),..., ¥/ (x,))T and
the Hessian of ¥ at x is given by the diagonal matrix V2W(x) = diag(yj(x,), ...,
(x,)).

The Lagrangian dual problem corresponding to problem (P) is defined by

(D) max W(x) - V¥(x) x + b7y
st. —V¥(x) +A4Ty +z=0,

z>0,

where x and z are n-vectors and y is an m-vector. The relationship between
problems (P) and (D) is provided by the following result known as the duality
theorem for convex programming problems.

ProposiTION 2.2. (a) If problem (P) is unbounded then problem (D) is infeasible. If
problem (D) is unbounded then problem (P) is infeasible.

(b) If problem (P) has an optimal solution x° then there exist y° and z° such that the
point (x,y,z) = (x° y° z°) is an optimal solution of problem (D). Moreover, the
optimal values of both problems are identical.

We define the set of interior feasible solutions of problems (P) and (D) as
S={xeR"; Ax=b, x > 0},
T={(x,y,z) ER"XR"XR"; =V¥(x) + A"y +z =0,z > 0},
respectively, and let
w={(x,y,2);(x,y,z) €T, x € S}.

For a point w = (x, y, z) € W, we define its duality gap g(w) to be g(w) = VU(x)x
— bTy which is simply the value of the objective function of problem (P) at x minus
the value of the objective function of problem (D) at (x, y, z). From the definition of
the set W, one can easily verify that if w € W then g(w) = x'z.

We impose the following assumptions:

AssuMPTION 2.3. (a) The set S is nonempty and bounded.

(b) rank(A4) = m.

Condition (b) of Definition 2.1 and the fact that the set S is bounded imply that
problem (P) has an optimal solution. Hence, by Proposition 2.2, problem (D) also has
an optimal solution.

The algorithm we consider in this paper is motivated by the application of the
logarithmic barrier function technique to problem (P). The logarithmic barrier
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function method consists of examining the family of problems
(P,) min¥(x) —p ) Inx;
j=1

st. Ax=b,
x>0,

where p > 0 is the barrier penalty parameter. This technique is well known in the
context of general constraint optimization problems. One solves the problem penal-
ized by the logarithmic barrier function term for several values of the parameter u,
with u decreasing to zero, and the result is a sequence of feasible points converging
to a “solution” of the original problem. The interested reader can refer to [2] for a
detailed discussion of this technique in the context of nonlinear constrained optimiza-
tion. Recently this method was first reconsidered in Gill, Murray, Saunders, Tomlin
and Wright [4] where a similarity with Karmarkar’s algorithm is discussed. A compre-
hensive analysis of the logarithmic barrier function approach as applied to linear
programming and linear complementary problems with positive semi-definite matri-
ces is given in [9].

Throughout this paper, we use the following notation. If x = (x,,..., x,)7 is an
n-vector, then the corresponding capital letter X denotes the diagonal matrix
diag(xy, ..., x,). Observe that the objective function of problem (P,) is a strictly
convex function. This implies that problem (P,) has at most one global minimum, and
that this global minimum, if it exists, is completely characterized by the Karush-
Kuhn-Tucker stationary condition:

VU(x) —puXle—ATy =0,
Ax=b, x>0

where e denotes the n-vector of ones and y is the vector of Lagrangian multiplier
associated with the equality constraints of problem (P,). By introducing the n-vector
z, this system can be rewritten in an equivalent way as

(2.3.a) ZXe — pe =0,
(2.3.b) Av=b, x>0,
(2.3.0) - V¥(x) +ATy +z=0.

It turns out that, under Assumption 2.3, problem (P,) (and consequently system
(2.3)) has a solution for all 4 > 0 (c.f. [2] and [9]). The Karush-Kuhn-Tucker system
(2.3) provides important information which we now point out. Assume that p > 0 is
fixed in the system (2.3). Since x > 0, equation (2.3.a) implies that z > 0. Equation
(2.3.c) then implies that the triple (x, y, z) is an interior feasible solution for the dual
problem (D). From (c) of Assumption 2.3, it follows that there is a unique y satisfying
(2.3). We denote the unique triple that satisfies (2.3) by w(u) = (x(w), y(u), z(w)).

At this point, we observe that (a) of Assumption 2.3 implies that the set W, and
therefore the set T, is nonempty. Indeed, w(u) € W, for all u > 0. From (2.3.a), it
follows that the duality gap at w(u) is given by g(w(w)) = nu for all u > 0 and
therefore g(w(u)) converges to zero as u approaches zero. This implies that the
objective function value of problem (P) at x(u) and the objective function value of
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problem (D) at (x(u), y(u), z(n)) converge to the common optimal value of problems
(P) and (D). In fact, we have the following stronger result (cf. [2] and [9]).

ProposiTiON 2.4.  Under Assumption 2.3, as u — 0, x(u) and (x(w), y(u), z(n))
converge to optimal solutions of problems (P) and (D) respectively.

The following notation will be useful later. If w = (x, y, z) € R” X R™ X R” then
fw) = (fiw),..., f,(w)T € R" denotes the n-vector XZe, that is, fAw) =x,z,,
j=1,...,n. We denote by T the set (or path) of solutions w(u), u > 0, for the
system (2.3), i.e.,

I'={w(u) = (x(n),y(u),z(n));u >0}

The algorithm which will be presented in the next section is based on the idea of
following this path I closely. The path I' will serve as a criterion to guide the points
generated by the algorithm.

3. The algorithm. The algorithm presented in this section extends the one
presented in [10] for linear programming problems and in [11] for convex quadratic
programming problems. We also refer the reader to [7] and [10] for a motivation of
the directions generated by the algorithm that we now describe.

In order to motivate the idea behind the algorithm, we need to introduce a
definition.

DEeriniTION 3.1, Let 6 with 0 < 6 <1 be given. We say that a point w € W is
#-centered with respect to w > 0 if [|f(w) — uell < 0 where ||.|| denotes the
Euclidean norm.

Obviously, the solution w(u) of system (2.3) is f-centered with respect to u for any
6 > 0. We can view 6-centered points w € W as points that are close to the central
path T, where the criterion of closeness is given according to Definition 3.1. The
following trivial observation is important for our purposes.

Observation 3.2. If w = (x, y, z) € W is 6-centered with respect to the parameter
w > 0then gw) =x"z < (1 + Onpu.

The algorithm described in this paper generates a sequence of points (w*) in the
set W and a strictly decreasing sequence of positive parameters (u,) converging to 0
such that w* is #-centered with respect to w, for all £ > 1. In view of Observation
3.2, we would like the sequence of parameters (u,) to approach 0 as fast as possible.
However, as we will see later, the speed of convergence of the sequence of parame-
ters (u,) is constrained by the condition that the sequence (w*) be 8-centered.

We now describe how the algorithm iterates. Given a point w € W #-centered with
respect to u > 0, we want to construct a point w € W which is #-centered with
respect to a smaller parameter 4 > 0 (the values of 6 and of the ratio i /u will be
specified later in this section). To determine a point w € W with this property,
consider the direction Aw = (Ax, Ay, Az) € R” X R™ X R” determined by the fol-
lowing system of linear equations

(3.1.a) ZAx + XAz = XZe — fie,
(3.1.b) AAx =0,
(3.1.¢) — VW (x)Ax + AT Ay + Az = 0.

The direction Aw is just the Newton direction for the system (2.3) with u = 4. After
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some algebra, one obtains the following expressions for Ax, Ay and Az:
-1 _
Ax=(Z +XQ)‘1[I - XAT(A(Z + XQ) ' XAT)  A(Z + XQ) "'|(XZe - fie),

Ay = —[(A(z + XQ)‘IXAT)'IA(Z +XQ)‘1](XZe - jhe),

Az=QAx - AT Ay

where Q = V2¥(x) denotes the diagonal Hessian matrix of the function ¥ at x.
After computing the direction Aw according to system (3.1), the next iterate W =
(£, 9, 2) is determined as follows:

(3.2.a) £=x-Ax,
(3.2.b) y=y— Ay,
(3.2.) $=VW(%) - ATS.

Observe that z is defined to be the slack vector for the dual problem (D) correspond-
ing to £ and y. The following relation expresses the vector Z in terms of the vector z
and the direction Az:

(3.3) $=z—Az+ V¥(£) — V¥(x) + V2¥(x) Ax.

This expression is verified by using (3.1.c) and (3.2.c). We denote the direction
Aw = (Ax, Ay, Az) determined by the system (3.1) and the point w = (%, J, 2) given
by (3.2) as Aw(w, (i) and w(w, 1) respectively, in order to indicate their dependence
on the point w = (x, y, z), and on the penalty parameter fi.

We are now ready to give a detailed description of the algorithm. Let 6 > 0 be a
constant defined as

. 1 1 1
(3:4) 0=mm(2(1+M)’4(p+1)’§)

where M and p are defined by (2.2). At the beginning of the algorithm, we assume
that an initial point w® = (x° y°, z%) € W 6-centered with respect to a positive
parameter u, is given, that is,

(3.5) | F(w®) = woe| < Ouo.
Let 8 > 0 be defined as

(3.6) 8=10-20°
Note that § is a positive real number. Indeed,

(3.7)

EN[N

0<6<9
by (3.4) and (3.6). For later reference, we also note that 6 and § satisfy

0 +6
1-6

(3.8) = 26.

We now state the algorithm.
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ALGORITHM 3.3.

Step 0. Let 0 and & be as in (3.4) and (3.6). Let w® € Wand u, > 0 satisfy (3.5).
Let € be a given tolerance for the duality gap.
Set k = 0.

Step 1. If (x*)7z* < e, stop.

Step 2. Set py,, = p,(1 — 8/ Vn).
Calculate Aw* = Aw(w*, u, . \).
Set wk*r1 = w(wk, u, ).
Set k =k + 1 and go to Step 1.

end of algorithm.

In the following sections, we prove that all points generated by Algorithm 3.3 are
in the set W and that the kth iterate w* is 8-centered with respect to the parameter
u, for all k> 1. We also show that Algorithm 3.3 terminates in at most
O(/n max(log €', log n, log u,)) iterations.

4. Convergence results. In this section, we present convergence results for the
algorithm described in §3. The convergence results presented in this section are
similar to the ones presented in [10] and [11] for linear programming problems and
quadratic programming problems respectively.

Let w=(x,y,z) € W and i > 0. Let Aw = (Ax, Ay, Az) denote the direction
Aw(w, i) and let W = (£, §, £) denote the point w(w, i). The next result provides
expressions for the products of complementary variables f;(W) = £;Z;, j=1,...,n.

ProrosiTION 4.1. Letw € Wand i > 0 be given and consider Aw and w as above.
Then the following expressions hold:

(4.1) fi(W) =4 + Ax;Az; + (x; — Ax))
X [w](x; = Ax;) = ¢/(x,) + /(%)) Ax)],

(42 (807(82) = L #(x)(Ax) > 0.
j=1

Proor. By definition of f;(#) and expression (3.3), we have for all j = 1,...,n
fiOv) =12,
=(x; - ij)[zj — Az, + yl(x; — Ax;) — ¢j(x;) + ¥/ (x;) ij]
=x;z; = (x;Az; + z; Ax;) + Ax; Az;
+(x; = Ax) [0 (x; = Ax)) = 67 (%) + /(x)) Ax;]
=4+ Ax;Az;
+(x; - ij)[‘/’f(xf — Ax;) = ¥i(x)) + ¢i(x) ij]
where the last inequality follows from (3.1.a). This shows (4.1). Multiplying expres-
sions (3.1.b) and (3.1.c) on the left by (Ay)” and (Ax)T respectively, and combining,
we obtain the equality part in (4.2). Noting that ¢/(x;) > 0 for all x; > 0 and all

j=1,...,n, we obtain the inequality part in (4.2). This completes the proof of the
proposition. m



EXTENSION OF KARMARKAR ALGORITHM 415

We now state and prove a result that provides bounds necessary to show that the
points generated by Algorithm 3.3 are feasible and remain close to the path T

Let w=(x,y,z2)€W and 4 > 0. Let Aw =(Ax,Ay,Az) be the direction
Aw(w, ). Let Af =(AXXAZ)e, where AX and AZ are the diagonal matrices
corresponding to the vectors Ax and Az respectively. The next result provides an
upper bound on the Euclidean norm of the vector Af.

LemMMA 4.2. Let Af be defined as above. Then, we have

)
(4.3) IAfIl < ”L(w?)f._p,e_”_ where
fmin =min{x;z;;j=1,...,n}.
Furthermore, we have
» £ oo < L BT
A 2
(4.5) ID~'Ax|)’ +| DAz < 1£Gw) = el

Janin
where D is the diagonal matrix defined by
(4.6) = (zx)"
Proor. By equation (3.1.a), we have
D 'Ax + DAz = (XZ) V3 XZ - fie).

It then follows that

(4.7) |D7Ax + DAz| =|[(X2)"VA(XZe — jie) ||

Z () =4 f(w) —ue||

szj < fmin

On the other hand, we have

(4.8) ID-'Ax + DAz|* =| D~ 'Ax|* + 2(Ax)T(Az) + |D Azl

Inequality (4.5) follows immediately from (4.7) and (4.8) and the inequality in (4.2).
Similarly ‘

£ (w) = fe|’

(4.9) Y ur(x)(Ax,)? = AxTAz < 57
j=1 min
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which proves (4.4). Using the Cauchy-Schwarz inequality, we obtain

(4.10) IAfll < Y 1Ax, Az

j=1

Il
™M=

-1
1|Djf Ax;|1D;; Az

j
<|ID7'Ax[lID Azll.

Relations (4.10) and (4.5) then imply (4.3). This completes the proof of the lemma.

]

The next lemma provides important relations that will be useful in the proof of the
main theorem.

Lemma 43. Suppose w = (x,y,z) € Wand u > 0 satisfy

(4.11) | £(w) — nel < 6u

where 0 is a positive constant such that 8 < 1. Let Aw = (Ax, Ay, Az) be the direction
Aw(w, ) where i = u(1 — 8/ Vn) > 0 with & > 0. Then the following relations hold:

(0+8)°u
(4.12) Al < 20-6)
|A x| _(8+3) .

(4.13) e R

S 2 _(6+8)°n
(4.14) E} $i(x;)(Ax;)" < 20=0)

Proor. Relation (4.11) implies that

(415) fmin = min{x } (1 - 0)/"’

Since |lell = Vn and u — & = (8/ Vn )u, it follows from relation (4.11) that
(4.16) | f(w) = el < (I f(w) = pe|| +[ue - pel)’

< (6p + (p = )llel)?

< (6p + 8p)’

< (6 +8)*u?

Using Lemma 4.2 and the two previous relations, we immediately obtain (4.12), (4.14)
and the following inequality.

(6+8)°u

C1aoy?
(4.17) |D~'éx||” < =0
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where the matrix D is given by (4.6). To show (4.13), observe that for all j = 1,...,n,
we have

[ < B - g ozt

X k=1

- 1D~ Ax|? <(0+6)2
S (1-6)p "\1-0

where in the last two inequalities, we used relations (4.15) and (4.17) respectively.
This completes the proof of the lemma. =

The following lemma provides an inequality that will be useful in the proof of the
main theorem. We leave the reader to verify its validity.

LemMmAa 4.4. Let p be a real number such that p > 1. Then for all real numbers u,
with 0 < u < 1, the inequality (1 — u)? > 1 — pu holds.

We now state the key result that will enable us to show the convergence of
Algorithm 3.3. The following theorem shows the behavior of one iteration of Algo-
rithm 3.3.

THEOREM 4.5. Let 8 > 0 and 6 > 0 satisfy relations (3.4) and (3.6) respectively.
Letw = (x,y,z) € Wand u > 0 satisfy [|[f(w) — pell < Ou. Let w = (%, 9, £) denote
the point w(w, ) where i > 0 is defined as

(4.18) f=pu(l-38/Vn).

Then the following statements hold:
(a) w e Wand

(4.19) |£(#) - ie] < 04.

(b) g#) = 275 < (1 + B)nA.

Proor. (a) We first show that w = (£, 9, §) is in the set W (cf. §2). Since w € W,
Ax = b. From relation (3.1.b) and the definition of £ given by (3.2.a), it follows that
Ax = b. From the way Z was defined in relation (3.2.c), it follows that — VW(%) +
A"$ + 2 = 0. Therefore, we only need to show that the vectors £ and 3 are strictly
positive to conclude that w € W. Observe that by expressions (3.8) and (4.13)

(4.20) |Ax;| < 20x;
for all j = 1,...,n. Therefore,

fi=x;—Ax;>x; — |Ax;l = (1 -20)x;
forall j = 1,...,n. Since § < 1/8 by (3.4) and x; > 0, the last relation implies that
%;>0,forall j = 1,...,n. Assume inequality (4.19), £;Z; > (1 — )4 > 0. Therefore,
we must have £, > 0, forall j =1,...,n.

We observe that the proof of (4.19) does not depend on the condition that 2 > 0.
We now show (4.19). If let r = (ry,...,r,)T € R" denote the vector whose jth
component is given by

(4.21) ry=(x; — Ax)[wj(x; = Ax;) = ¥/(x)) + ¥](x;) Ax)]
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then expression (4.1) and the triangle inequality for norms imply
(4.22) [ F(#) = def <lAfI+Irll.

Our objective is to bound the right-hand side of the above inequality. By the mean
value theorem, there exists a real ¢, 0 <t; < 1, such that

§=0-t)x+4(x; - Ax) =x; - 1;Ax,> 0
satisfies
03— Ax) = () + u(x) Ax, = 27(6)(Ax,).

From the definition of r; in (4.21), the previous expression and the fact that each
function ¢; is in the collection Y, it follows that

(4.23) Ir,l = %(ij)z(xj — Ax)|y/ (&)

(x; -

1 Ax;)
3 = &u)"(&)]

= -Z—(ij)z

< 1 (Ax )2( )Md/"(x )max{(z)p,(?)p}

J

where M and p are as given in (2.2). Now, using (4.20), one can easily show that

(xj_ij) 1 Xj 1
—T<1+20<1_20, E; —T and
& 1
x—j<1+20< T—78"

Using these three last estimates in relation (4.23), we obtain

¥( xj)(ij)zM

4.24 Irl g ————————.
(4.24) 77201 - 20)7t!

Using expression (3.4) and Lemma 4.4, we obtain
(1-20)"""'>1-2(p+1)0>1}

since # < 1/4(p + 1). Using this last estimate in (4.24), we obtain, forall j = 1,...,n,
r;l < My/(x;XAx))?. Summing up the above inequality over all j=1,...,n and
using relation (4.14), we obtain

“ (6 +8)°
_g,llrjl <Myr—gy+-

J
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Relations (4.12) and (4.22) together with the previous inequality then imply that

I£(%) = aell < IAfll+ il
<lafll+ X Ir)
j=1

(0+3)
S2(1-6)

=260%(1 - 6)(1 + M)u

(1+M)p

where the equality is due to (3.8). Since 6 < [2(1 + M)]"! by (3.4) and 4 =(1 —
8/vVndu > (1 — 8)u > (1 — 6)u by (4.18) and (3.7), the last relation implies that
lf(®) — fell < 64 and this completes the proof of (a).

(b) Statement (b) follows from statement (a) and Observation 3.2. This completes
the proof of the theorem. O

As a consequence of Theorem 4.5, we have the following corollary.

COROLLARY 4.6.  All points w* generated by Algorithm 3.3 satisfy
(@) Forallk =1,2,..., wk € Wand || f(w*) — uell < 0u,.

() For all k=1,2,..., gw*)=(""zk <A + Onp,, where u, = py (1 —
8/ Vn)~.
Proor. This result follows trivially by arguing inductively and using Theorem 4.5.

[

We now derive an upper bound on the total number of iterations performed by
Algorithm 3.3. The following result follows easily from Corollary 4.6 and is proved in
§4 of [10].

ProrosiTiON 4.7. The total number of iterations performed by Algorithm 3.3 is no
greater than k* = [log(1 + 0)ne ™~ 'woWn /8] where € > 0 denotes the tolerance for the
duality gap and ., is the initial penalty parameter.

If the constants M and p are both O(1), which is usually the case, then by (3.4) and
(3.7), 8”1 is O(1). In this case, Proposition 4.7 asserts that Algorithm 3.3 terminates
in at most O(Vn max(log e, log n, log o)) iterations.

S. Initialization of the algorithm. In order to initialize the algorithm, the ap-
proach is to use a transformed problem equivalent to original one that satisfies the
initial condition (3.5). Therefore, by solving the transformed problem, we are able to
obtain a solution for the original problem.

Consider the convex programming problem

(P) min V(%)

s.t. =b,
>0,

kl

where A is an /m X 7 matnx which has full row rank and b is a vector of length .
Assume that ¥(£) = L7 (%) where each a[/ belongs to the collection Y (see
Definition 2.1). We also assume that the set of fea51ble solutions of problem (P) is
bounded. Therefore, (P) has an optimal solution.
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Let n=rn +2and m = m + 1. Let A be a large constant satisfying e’% < nA for
all feasible solution % of problem (P). The constant A exists since the set of feasible
solutions of (P) is bounded by assumption. Also, let K > 0 be a sufficiently large
constant. Consider the transformed problem as follows.

(P) min ¥ (%) + K&,
st. A%+ (A7'b — Ade)z, = b
ex+ %, | +%,=na,

=0, x,_,=20, %,>0,
where ¥ = (%,,...,%,_,)" is an (n — 2)-vector and %,_, and %, are scalars. This
problem can be cast in the notation of problem (P) of § 2 as follows. Let x =
(x7,%,_,, %,)7 € R" and define b € R™ and A € R™*" as follows.

b_(‘) A=[A 0 A7b—Ae]|
ni el 1 1

Define ¥(x) = W(&) + K&,. With this notation, we can then rewrite problem (P) as
in §2.

Let (%, ¥, £4) denote an optimal solution of the dual problem corresponding to
problem (P) such that £, is an optimal solution of (P). The following result provides
a theoretical lower bound on the constant K in such a way that if K is larger than
this bound then the optimal solutions of problem (P) immediately give optimal
solutions for problem (P).

PROPOSITION 5.1.  Assume that the cost coefficient K in the objective function of
problem (P) satisfies K > (A~'b — Ae)y .. Then )

(1) The optimal value of problem (P) is equal to the optimal value of problem (P).

Q) Ifx = (xl, , x,)" is an optimal solution of problem (P) then x,, = 0. Moreover,
=y, %, 2)T is an optimal solution of (P).

The proof of Proposition 5.1 is straightforward and is left to the reader (see §5 of
[11] for a proof of this proposition for the case the objective function of (P) is a
convex quadratic function). We now verify that problem (P) satisfies Assumption 2.3
of §2. Condition (c) of Assumption 2.3 is obviously satisfied since A4 was assumed to
have full row rank. We verify conditions (a) and (b) of Assumption 2.3 jointly by
exhibiting a point w® = (x, y°, z°) which is in the set W defined in §2 and satisfying
the criterion of closeness (3.5). Let x°=)e € R". Observe that Ax® =b. Let
y°=1(0,...,0, — uo/A)7 € R™ where u,, satisfies

A|VE(Ae)

Let z° € R” denote the slack vector V¥ (x?) — A7y for the dual (D) corresponding
to the pair x = x” and y = y°. Since A7y" = —A " 'w,e, it follows that z* = V¥W(Ae)
+ A7 !pge. Then

2
Y (5020 = o) = A V¥ (Ae) |’

j=1

and therefore the criterion of closeness (3.5) is satisfied due to expression (5.1).
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Observe that Algorithm 3.3, applied to problem (P), will obtain a feasible solution
x = (x,...,x,) to (P) whose value is within the optimal value by ¢ where ¢ is the
specified tolerance for the duality gap. If we let £ = (x,,..., x,_,) then £ will not be
a feasible solution to problem (P), since x, being an interior point, has last compo-
nent different from zero. However, by choosing the tolerance e sufficiently small, X
will approximate feasibility to any desired degree of accuracy.

6. Remarks. The purpose of this paper is to present a theoretical result. Thus in
order to simplify the presentation, we constructed i = u(1 — 6/ Vn). Obviously, one
can use [ which is less than or equal to the above value, but still satisfies (a) of
Theorem 4.5. In this way, one can accelerate the convergence of the algorithm.

If the objective function of problem (P) is of the form W(x) = Xj_ ¢;(x;) +
(1/2)xTOx where Q is a n X n symmetric positive semidefinite matrix and each
function ¢; belongs to the collection Y, then all the results of this paper are still valid.
The only change to be noted is in relation (4.2), which in this case would be

(Ax)T(Az) = AxT V2¥(x) Ax
> % () (Ax) > 0.
j=1

The class of functions introduced in Definition 2.1 is dictated by the proof of
Theorem 4.5. Although this class of functions is not intuitive, it contains the familiar
class of functions given after Definition 2.1. We should mention that Algorithm 3.3
can be slightly modified to handle problems minimizing a general convex function
subject to linear (or convex nonlinear) constraints. However, in this case, we may not
guarantee the strong convergence property achieved in this paper for the special class
of functions described in §2. We conjecture about the possibility of extending this
strong convergence property to a larger class of functions.
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